Non-commutative inspired black holes in Euler-Heisenberg non-linear
  electrodynamics by Maceda, Marco & Macías, Alfredo
ar
X
iv
:1
80
7.
05
26
9v
1 
 [g
r-q
c] 
 13
 Ju
l 2
01
8
Non-commutative inspired black holes in Euler-Heisenberg non-linear electrodynamics
Marco Maceda
Departamento de F´ısica,
Universidad Auto´noma Metropolitana-Iztapalapa,
A.P. 55-534, Mexico D.F. 09340, Me´xico.a
Alfredo Mac´ıas
Departamento de F´ısica,
Universidad Auto´noma Metropolitana–Iztapalapa,
A.P. 55-534, Mexico D.F. 09340, Me´xico.b
(Dated: July 17, 2018)
We find non-commutative inspired electrically and magnetically charged black hole solutions
in Euler-Heisenberg non-linear electrodynamics. For these solutions, we determine the non-
commutative corrections to the horizon radius for the general and extremal case. We also analyse
the weak, dominant and strong energy conditions and the shadow associated with these metrics.
I. INTRODUCTION
A quantum theory of gravity is a central challenge nowadays. A certain number of proposals exist to analyse quan-
tum effects in gravitational fields (loop quantum gravity, string theory, non-commutative geometry, matrix geometry).
All of them cover several aspects at different levels and complement each other; this interplay provides us with useful
insights into the whole picture.
In some of these approaches, the structure of space-time is assumed to lose its continuum character. Such discreti-
sation implies generalised incertitude principles that are natural consequences of a quantum theory of gravity where
we have a set of coordinate and momentum operators with a discrete spectrum. In the general case, the commutation
relations among the coordinates and momentum operators imply the existence of a minimal length [1]. This length
serves as a natural cutoff that removes divergences from the theory.
Non-commutative geometry [2–4] is a formalism where commutation relations among coordinates and momenta
operators find a fertile ground to flourish. They may be incorporated straightforwardly into a classical theory using
different schemes [5–7]. For example, if we want to implement commutation relations among spatial coordinates only,
we may use the Moyal star product that is a consequence of the commutation relations and replaces the standard
point-wise multiplication of functions.
The use of star products to encode non-commutative effects generally leads to perturbative calculations. More
recently, an approach [8] based on coherent states in non-commutative quantum mechanics allows the analysis of non-
perturbative effects. This analysis, initially motivated by calculations in non-commutative quantum field theory [9, 10],
showed that a non-commutative Gaussian smeared distribution is the appropriate replacement for the point-like
behaviour of particles usually present in a commutative setup.
In General Relativity this idea allows the construction of non-commutative inspired black holes. These objects
have the standard properties associated with black holes, but they are regular at the source of the gravitational
field. Nowadays, we know a rich variety of non-commutative inspired black hole solutions. They include the non-
commutative inspired Schwarzschild and Reissner-Nordstro¨m (RN) metrics [11, 12]. More recently, the Kerr and
Kerr-Newman solutions have been obtained using a modified Janis-Newman algorithm specially tailored for the non-
commutative framework [13].
On the other hand, non-linear electrodynamics extends our knowledge of the electromagnetic field and its physical
effects. It is a natural consequence when looking for a solution to the self-energy problem of a point charged particle.
The Born-Infeld (BI) electrodynamics [14] is the first example of this. It is also a natural outcome when taking
into account loop corrections in QED for instance, where the Euler-Heisenberg (EH) electrodynamics [15] becomes
relevant. Both electrodynamics describe phenomena outside the realm of standard Maxwell’s equations.
The recent observations of Sgr A* indicate that a massive black hole lies at the centre of the Milky Way, and
this feature is believed to be present in the majority of the active galactic nuclei known to date. We expect then
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2modifications on the behaviour of particles at the vicinity of these supermassive black holes; in this regard, the orbital
motion of photons is a useful tool to determine the shadow of the black hole [16, 17]. We have then a testable ground
for theories analysing the quantum structure of spacetime at microscopic length scales. Furthermore, since the medium
around the black hole involves matter interacting not only gravitationally but also electromagnetically, the existence
of jets of charged particles is a common phenomenon, we also expect effects due to non-linear electrodynamics to be
present as well. Previous results in this direction may be found in the literature [18, 19].
To gain more insight into the several aspects that arise in the above situation, we consider in this work non-
commutative inspired charged black holes in EH electrodynamics. We obtain non-commutative effects by using
smeared distributions of mass and charge, and we choose to work with EH non-linear electrodynamics because it con-
tains all the characteristic features present in more complex non-linear Electrodynamics, such as BI electrodynamics.
Furthermore, from a practical point of view, it is more amenable to give us analytic results.
We organise this paper as follows: in Sec. II we review the electrically and magnetically charged black hole solutions
in classical EH electrodynamics. We then construct the corresponding non-commutative inspired black holes in Sec. III,
and we calculate the corrections to the horizon radius of the non-commutative metrics in Sec. IV. We also analyse
the strong, dominant and weak energy conditions in Sec. V and we investigate the shadow of the non-commutative
inspired black holes in Sec. VI . We end with some remarks and perspectives in the Conclusions.
II. STATIC CHARGED BLACK HOLES IN EULER-HEISENBERG ELECTRODYNAMICS
EH electrodynamics is a low-energy limit of BI electrodynamics. Its Lagrangian is
LEH = −x+ A
2
x2 +
B
2
y2, (1)
where
x :=
1
4
FµνF
µν , y :=
1
4
Fµν ⋆ F
µν , (2)
are the relativistic invariants of the electromagnetic field. Here Fµν is the electromagnetic tensor.
The EH Lagrangian can be written using the Plebanski variables [20–22]
Pµν := −(LxFµν + Ly ⋆ Fµν), (3)
and their Hodge duals ⋆Pµν . Then, the dual invariants are
s := −1
4
PµνP
µν , t := −1
4
Pµν ⋆ P
µν , (4)
and we have the dual Hamiltonian
LˆEH = s− A
2
s2 − B
2
t2. (5)
We should remark that in the dual description of the EH Lagrangian, we do not consider terms higher than linear
for both parameters A and B. On the other hand, the field equations of gravity coupled to a general nonlinear
electrodynamics come from variations of the action [22]
S =
1
16πGN
∫
d4x
√−g R+ 1
4π
∫
d4x
√−gL(x, y), (6)
with respect to the metric and electromagnetic potentials. Explicitly, we have that the field equations are
Gµν = 8πTµν , ∇µPµν = 0, (7)
where the energy-momentum tensor is
4πTµν = LˆsPµαgαβPνβ + gµν(2sLˆs + tLˆt − Lˆ). (8)
Let us consider a spherically symmetric line element
ds2 = −
(
1− 2m(r)
r
)
dt2 +
(
1− 2m(r)
r
)−1
dr2 + r2dΩ, (9)
3where dΩ = dϑ2 + sin2 ϑdφ2. For the electric solution, the natural description is in terms of the Plebanski variables
Pµν [23–26]; we have that
Pµν =
Qe
r2
δ0[µδ
1
ν], (10)
fulfils the conservation laws ∇µPµν = 0 in this situation. The relevant gravitational field equation is then
m,r
r2
=
1
2
P 201 −
1
8
AP 401, (11)
and its solution is given by
m(r) = M − Q
2
e
2r
+
A
40
Q4e
r5
. (12)
The associated metric is then
ds2 = −
(
1− 2M
r
+
Q2e
r2
− A
20
Q4e
r6
)
dt2
+
(
1− 2M
r
+
Q2e
r2
− A
20
Q4e
r6
)−1
dr2 + r2dΩ. (13)
Here M represents the mass of the point-like source at the origin.
On the other hand, the electromagnetic tensor Fµν provides the natural description of the magnetic charged solution.
In this case, we have that
Fµν = −Qm cosϑ δ2[µδ3ν], (14)
satisfies the conservation laws and the relevant gravitational field equation is
m,r
r2
= −s+ 3A
2
s2, s := −1
2
Q2m
r4
(
−1 + A
2
Q2m
r4
)2
. (15)
Its solution is given by
m(r) = M − Q
2
m
2r
+
A
40
Q4m
r5
, (16)
and the associated metric is then
ds2 = −
(
1− 2M
r
+
Q2m
r2
− A
20
Q4m
r6
)
dt2
+
(
1− 2M
r
+
Q2m
r2
− A
20
Q4m
r6
)−1
dr2 + r2dΩ. (17)
As previously, M represents the mass of the point-like source at the origin. Notice that the magnetic charged solution
has the same functional form as the electrical charged solution.
Each one of the spacetime metrics given previously has horizons; they satisfy the condition f(r0) = 1−2m(r0)/r0 =
0. An exact expression for the horizon is difficult to obtain, nevertheless if we look for a perturbative solution of the
form
r−10 = β +Aγ, (18)
where we assume A to be small, then we have the following two answers
β+ =
1
M +
√
M2 −Q2e
,
γ+ =
32M7
Q2
e
− 64M5 + 38M3Q2e − 18M2Q2e
√
M2 −Q2e +Q4e
√
M2 −Q2e −
32M6
√
M2−Q2
e
Q2
e
+ 48M4
√
M2 −Q2e − 6MQ4e
40 (M2 −Q2e)Q6e
,(19)
4and
β− =
1
M −
√
M2 −Q2e
,
γ− =
32M7
Q2
e
− 64M5 + 38M3Q2e + 18M2Q2e
√
M2 −Q2e −Q4e
√
M2 −Q2e +
32M6
√
M2−Q2
e
Q2
e
− 48M4
√
M2 −Q2e − 6MQ4e
40(M2 −Q2e)Q6e
.(20)
We need M ≥ Qe for these values to be real. The subscript plus or minus refers to the distinct values of the outer
and inner horizons of the Reissner-Nordstro¨m limit (A = 0). In Fig. 1 we show this generic situation where the outer
horizons in EEH and RN almost coincide.
FIG. 1: Behaviour of f(r) in EEH spacetime with Qe = 1, A = 0.3 (solid line) and f(r) in RN (dashed line) with Qe = 1.
The three distinct horizons for Einstein-Euler-Heisenberg are located at r = 0.5129, 0.698322, 1.23638 and those of Reissner-
Nordstro¨m at r = 0.819002, 1.221. In both cases M = 1.02 > Qe.
As we know, RN spacetime has an extremal case defined by the conditions f(re) = 0, f,r(re) = 0. The analogous
extremal configuration in EEH spacetime appears when the extremal horizon radius re satisfies the conditions
0 = 1− 2M
re
+
Q2e
r2e
− A
20
Q4e
r6e
,
0 =
2M
r2e
− 2Q
2
e
r3e
+
3A
10
Q4e
r7e
. (21)
It follows that
1− Q
2
e
r2e
+
A
4
Q4e
r6e
= 0. (22)
For a given value of Qe and A, the previous equation provides a horizon radius re that in turn gives a value for the
extremal mass using
Me = − 3
20
AQ4e
r5e
+
Q2e
re
. (23)
In Fig. 2(a), we show again a situation with three distinct horizons. From it, if we treat the Euler-Heisenberg
contribution as a perturbation, there are two different extremal cases to consider:
1. The two innermost horizons become a single one: The extremal horizon radius is
re =
√
Qe
2
A1/4 +
A3/4
8
√
2Qe
+
9A5/4
128
√
2Q
3/2
e
, (24)
5and the relation between charge and mass is
Me =
2
√
2Q
3/2
e
5A1/4
+
√
QeA
1/4
2
√
2
+
A3/4
32
√
2Qe
+
3A5/4
256
√
2Q
3/2
e
. (25)
This situation is well illustrated in Fig. 2(b). Notice the appearance of fractional powers of A in the expressions
for the mass and the horizon.
(a) (b)
(c)
FIG. 2: Behaviour of f(r) (solid line) and f,r(r) (dashed line) in EEH spacetime for Qe = 1, A = 0.3. In Fig. 2(a), three
distinct horizons exist; they are located at r = 0.5129, 0.698322, 1.23638 with M = 1.02 > Qe. In Fig. 2(b) the two inner
horizons become a single inner horizon located at re = 0.579751 with Me = 1.0378 > Qe. In Fig. 2(c), the two outer horizons
become a single exterior horizon located at re = 0.953567 with Me = 0.991618 < Qe.
2. The two outermost horizons become a single one: The extremal horizon radius is
re = Qe
(
1− A
8
Q−2e
)
, (26)
and the relation between mass and charge is
Me = Qe
(
1− A
40
Q−2e
)
. (27)
As seen from this expression, mass has a lower value than charge; this situation is illustrated in Fig. 2(c). In
Tables I and II we show, for different values of the charge, some numerical values for re and Me using Eqs. (26)
and (27). We see that the approximate solution is in good agreement with the exact result.
6TABLE I: Comparison between the values of the extremal radius and mass using the approximate solution and the exact
numerical result.
Q = 1
A re (exact) re (approx) Me (exact) Me (approx)
0.1 0.986726 0.9875 0.997416 0.9975
0.2 0.971533 0.975 0.994641 0.995
0.3 0.953567 0.9625 0.991618 0.9925
0.4 0.931102 0.95 0.98826 0.99
0.5 0.899454 0.9375 0.984386 0.9875
TABLE II: Comparison between the values of the extremal radius and mass using the approximate solution and the exact
numerical result.
Q = 2
A re (exact) re (approx) Me (exact) Me (approx)
0.1 1.99366 1.99375 1.99874 1.99875
0.2 1.98713 1.9875 1.99746 1.9975
0.3 1.9804 1.98125 1.99616 1.99625
0.4 1.97345 1.975 1.99483 1.995
0.5 1.96627 1.96875 1.99348 1.99375
0.6 1.95882 1.9625 1.99211 1.9925
0.7 1.9511 1.95625 1.99071 1.99125
0.8 1.94307 1.95 1.98928 1.99
0.9 1.9347 1.94375 1.98782 1.98875
III. NON-COMMUTATIVE INSPIRED BLACK HOLES WITH ELECTRIC AND MAGNETIC CHARGE
FROM EULER-HEISENBERG ELECTRODYNAMICS
Non-commutative inspired models are solutions of the modified gravitational field equations [8–12, 27–30]
Rµν − 1
2
gµνR = 8π[Tµν + T
e.m.
µν ], (28)
where
T
µ
ν := diag(h1, h1, h3, . . . , h3), h3 := (r
2h1),r/2r, (29)
is a non-commutative energy-matter tensor and T e.m.µν is the standard electromagnetic tensor. The function h1 in T
µ
ν
is given by
h1 := −ρm(r) = − M
(4πθ)3/2
e−r
2/4θ, (30)
where θ is the non-commutative parameter and h3 is defined such that the conservation law ∇µTµν = 0 holds; the
normalization of ρm(r) is such that ∫
ddx ρm(r) =M, (31)
gives the mass of a classical point-like source of the gravitational field. In the commutative limit θ → 0, the smeared
distribution ρm(r) becomes a Dirac delta function. The motivation and justification of these smeared distributions to
encode non-commutative effects where first discussed in the context of quantum field theory and afterwards extended
to the gravitational arena in the static and rotating scenarios [8–11, 13, 30].
7A. Non-commutative inspired electric solution
In this section, we give the non-commutative inspired counterparts of the solutions discussed previously. First, for
the electrically charged case we solve the non-commutative conservation laws
∇µPµν = 4πJµ, (32)
where
Jµ = Qe
[
e−r
2/4θ
(4πθ)3/2
, 0, 0, 0
]
, (33)
is a source for the electric field having a non-commutative origin. This source basically replaces the point-like behaviour
of the delta function by a electrically charged smeared distribution depending on the non-commutative parameter.
The solution to Eq. (32) is then given by the non-commutative inspired Plebanski variables
Pµν =
2√
π
Qe
r2
γ
(
3
2
,
r2
4θ
)
δ0[µδ
1
ν], (34)
where γ(a, z) is the lower incomplete gamma function [31]. Notice that in the commutative limit θ → 0, we recover
the commutative result in Eq. (10) since limθ→0 γ
(
3
2 ,
r2
4θ
)
=
√
pi
2 . Similar to the commutative case, the relevant field
equation is now
m,r
r2
=
1
2
P 201 −
1
8
AP 201 +
M
2
√
πθ3/2
e−r
2/4θ, (35)
and its solution is then
m(r) =
2M√
π
γ
(
3
2
,
r2
4θ
)
+
2
π
Q2e
∫ r
0
ds
s2
γ2
(
3
2
,
s2
4θ
)
−2A
π2
Q4e
∫ r
0
ds
s6
γ4
(
3
2
,
s2
4θ
)
, (36)
whereM is the “bare” mass. The non-commutative inspired electrically charged black hole in this case is then
ds2 = −
[
1− 4M
r
√
π
γ
(
3
2
,
r2
4θ
)
− 4
π
Q2e
r
∫ r
0
ds
s2
γ2
(
3
2
,
s2
4θ
)
+
4A
π2
Q4e
r
∫ r
0
ds
s6
γ4
(
3
2
,
s2
4θ
)]
dt2
+
[
1− 4M
r
√
π
γ
(
3
2
,
r2
4θ
)
− 4
π
Q2e
r
∫ r
0
ds
s2
γ2
(
3
2
,
s2
4θ
)
+
4A
π2
Q4e
r
∫ r
0
ds
s6
γ4
(
3
2
,
s2
4θ
)]−1
dr2 + r2dΩ. (37)
This expression is more involved due to the appearance of the incomplete gamma function under the integrals,
nevertheless one of them can be calculated as shown in the Appendix. Using this result and the ADM mass [12]
M :=
∮
Σ
dσµ(T 0µ |matt + T 0µ |el), (38)
we have
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ, (39)
8with
f(r) = 1− 4M
r
√
π
γ
(
3
2
,
r2
4θ
)
+
√
2
θ
1
π
Q2e
r
γ
(
3
2
,
r2
4θ
)
+
1
π
Q2e
r2
[
γ2
(
1
2
,
r2
4θ
)
− r√
2θ
γ
(
1
2
,
r2
2θ
)]
−4A
π2
Q4e
r
∫ ∞
r
ds
s6
γ4
(
3
2
,
s2
4θ
)
+
4A
π2
Q4e
r
[
1− 2√
π
γ
(
3
2
,
r2
4θ
)]∫ ∞
0
ds
s6
γ4
(
3
2
,
s2
4θ
)
= 1− 4M
r
√
π
γ
(
3
2
,
r2
4θ
)
+
1
π
Q2e
r2
γ2
(
1
2
,
r2
4θ
)
+
1
π
Q2e
r2
[√
2
θ
rγ
(
3
2
,
r2
4θ
)
− r√
2θ
γ
(
1
2
,
r2
2θ
)]
−4A
π2
Q4e
r
∫ ∞
r
ds
s6
γ4
(
3
2
,
s2
4θ
)
+
A
8π2
Q4e
r
[
1− 2√
π
γ
(
3
2
,
r2
4θ
)]
α
θ5/2
, (40)
where α :=
∫∞
0 ds s
−6γ4
(
3
2 , s
2
)
= 0.02757 and we have used the identity [31] γ(a2 + 1, z
2) = a2γ(
a
2 , z
2) − zae−z2 to
obtain the second equality. It is straightforward to verify that in the commutative limit θ → 0, we recover Eq. (13).
B. Non-commutative inspired magnetic solution
The magnetic charged solution is defined by the non-commutative inspired electromagnetic tensor
Fµν = − 2√
π
Qmγ
(
3
2
,
r2
4θ
)
sinϑ δ2[µδ
3
ν], (41)
and the field equation to be considered now is then
m,r
r2
= −s+ 3A
2
s2 +
M
2
√
πθ3/2
e−r
2/4θ, (42)
where s is defined as in Eq. (15). Therefore, we have
m(r) =
2M√
π
γ
(
3
2
,
r2
4θ
)
+
2
π
Q2m
∫ r
0
ds
s2
γ2
(
3
2
,
s2
4θ
)
−2A
π2
Q4m
∫ r
0
ds
s6
γ4
(
3
2
,
s2
4θ
)
. (43)
The non-commutative inspired magnetically charged black hole is
ds2 = −
[
1− 4M
r
√
π
γ
(
3
2
,
r2
4θ
)
− 4
π
Q2m
r
∫ r
0
ds
s2
γ2
(
3
2
,
s2
4θ
)
+
4A
π2
Q4m
r
∫ r
0
ds
s6
γ4
(
3
2
,
s2
4θ
)]
dt2
+
[
1− 4M
r
√
π
γ
(
3
2
,
r2
4θ
)
− 4
π
Q2m
r
∫ r
0
ds
s2
γ2
(
3
2
,
s2
4θ
)
+
4A
π2
Q4m
r
∫ r
0
ds
s6
γ4
(
3
2
,
s2
4θ
)]−1
dr2 + r2dΩ. (44)
9As previously, this metric can be rewritten in terms of the ADM mass M as defined in Eq. (38); we obtain then a
metric similar to Eq. (39) but with Qe replaced by Qm. Explicitly we have
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ, (45)
where
f(r) = 1− 4M
r
√
π
γ
(
3
2
,
r2
4θ
)
+
1
π
Q2m
r2
γ2
(
1
2
,
r2
4θ
)
+
1
π
Q2m
r2
[√
2
θ
rγ
(
3
2
,
r2
4θ
)
− r√
2θ
γ
(
1
2
,
r2
2θ
)]
−4A
π2
Q4m
r
∫ ∞
r
ds
s6
γ4
(
3
2
,
s2
4θ
)
+
A
8π2
Q4m
r
[
1− 2√
π
γ
(
3
2
,
r2
4θ
)]
α
θ5/2
, (46)
where α = 0.02757. Using this last form, in the limit θ → 0 we recover Eq. (17). The metrics in Eqs. (37) and (44)
are related by the same functional expression as it happens in the classical case.
IV. HORIZON RADIUS FOR THE NON-COMMUTATIVE EINSTEIN-EULER-HEISENBERG
SPACETIME
For the electric solution, the metric (39) has a horizon determined by condition f(rh) = 0. Due to the complex form
of Eq. (40), it is clear that an analytic explicit expression for rh is not possible to obtain due to the presence of the
lower incomplete gamma function. In Figs. 3 and 4, we show the behaviour of the non-commutative functions m(r)
and f(r) for different values of the non-commutative parameter θ. As it is seen from these plots, the non-commutative
solution is regular at the origin and for values θ < θext we have a black hole with two horizons. The value θ = θext is
obtained by demanding that the extremal conditions f(rh) = 0 = f,r(rh) have a unique solution; the resulting horizon
depends on the parameters of the black hole (mass and charge).
If we are interested in the lowest order non-commutative corrections to the classical metric, which are relevant in the
analysis of holographic superconductors within the framework of the non-commutative AdS/CFT correspondence [32],
calculations can be performed to a certain extent as we show now. First, using known identities for γ(a, x) and the
results in Appendix A, we have
f(r) = 1− 2M
r
+
2M√
πθ
e−r
2/4θ +
Q2e
r2
− 4
√
θ
π
Q2e
r3
e−r
2/4θ
− Q
2
e√
2π
1
θ
e−r
2/4θ − A
20
Q4e
r6
+ 2A
√
θ
π
Q4e
r7
e−r
2/4θ
+
A
8
αQ4e
π5/2θ3
e−r
2/4θ, (47)
when 4θ ≪ r2. We define now the functions
f c(r) := 1− 2M
r
+
Q2e
r2
− A
20
Q4e
r6
,
gθ(r) :=
2M√
πθ
− 4
√
θ
π
Q2e
r3
− Q
2
e√
2π
1
θ
+ 2A
√
θ
π
Q4e
r7
+
A
8
αQ4e
π5/2θ3
,
fθ(r) := gθ(r)e−r
2/4θ, (48)
10
(a) (b)
(c) (d)
FIG. 3: Plots of the non-commutative functions m(r) and f(r) for values of θ = 0.1, 0.25, 0.5 and 0.7 (dashed lines from left
to right) with M = 1, Qe = 0.5, A = 0 (first row) and M = 1, Qe = 0.5, A = 1 (second row). The solid line corresponds to the
commutative EEH spacetime.
to be used in the following. If we write the horizon radius r+ in the form r+ := r0+α, where r0 is the horizon radius
of the commutative case and α contains the non-commutative corrections, we have then that the condition f(r+) = 0
becomes
0 = f c,rα+
1
2
f c,rrα
2 + fθ(r0) + f
θ
,rα+
1
2
fθ,rrα
2, (49)
up to second order on α. Here the first and second derivatives are evaluated at r = r0. Using f
θ(r) = gθ(r)e−r
2/4θ,
it follows that
fθ,r =
(
gθ,r −
1
2θ
rgθ
)
e−r
2/4θ =: Gθ1e
−r2/4θ,
fθ,rr =
(
gθ,rr −
1
θ
rgθ,r −
1
2θ
gθ +
1
4θ2
r2gθ
)
e−r
2/4θ
=: Gθ2e
−r2/4θ, (50)
and therefore we arrive to the following quadratic equation on α
(1 + b2e
−r2
0
/4θ)α2 + (a1 + b1e
−r2
0
/4θ)α+ b0e
−r2
0
/4θ = 0, (51)
where
a1 := 2
f c,r(r0)
f c,rr(r0)
,
b0 := 2g
θ(r0)/f
c
,rr(r0),
b1 := 2G
θ
1(r0)/f
c
,rr(r0),
b2 := G
θ
2(r0)/f
c
,rr(r0). (52)
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(a) (b)
(c) (d)
FIG. 4: Plots of the non-commutative functions m(r) and f(r) for values of θ = 0.2, 0.4, 0.6 and 0.8 (dashed lines from left to
right) with M = 1, Qe = 0.5, A = 0.1 (first row) and M = 1, Qe = 0.5, A = 1 (second row). The solid line corresponds to the
commutative EEH spacetime.
If a1 6= 0, the solution is
α = − b0
a1
e−r
2
0
/4θ = − g
θ(r0)
f c,r(r0)
e−r
2
0
/4θ, (53)
where we have used discarded quadratic terms on e−r
2
0
/4θ. We find the non-commutative corrections using
Eqs. (19), (20), (53) and
f c,rr(r) = −
4M
r3
+ 6
Q2e
r4
− 21A
10
Q4e
r8
. (54)
Eq. (53) is modified for the case of an extremal classical solution defined by f c(r0) = 0 = f
c
,r(r0). In this situation
we have a1 = 0 and then
α = ±
√
−b0e−r
2
0
/8θ − 1
2
b1e
−r2
0
/4θ. (55)
Notice that for this expression to make sense, we need b0 ≤ 0. From Eqs. (50) we have that the function Gθ1 is
Gθ1(r) = −14A
√
θ
π
Q4e
r8
− A√
πθ
Q4e
r6
− Aα
16π5/2θ4
Q4er −
Mr√
πθ3/2
+12
√
θ
π
Q2e
r4
+
2√
θπ
Q2e
r2
+
1
2
√
2πθ2
Q2er. (56)
From these results, it is straightforward to calculate the coefficients b0 and b1 from Eq. (55).
V. STRONG, DOMINANT AND WEAK ENERGY CONDITIONS
We recall that the strong, dominant and weak energy conditions are
12
• Strong Energy Condition (SEC): Tµνtµtν ≥ 12T µµtνtν for any timelike vector tµ,
• Dominant Energy Condition (DEC): Tµνtµtν ≥ 0 and T µνtν must be timelike or null for any timelike vector tµ,
• Weak Energy Condition (WEC): Tµνtµtν ≥ 0, for any timelike vector tµ.
The DEC is often recast as T 00 ≥ |T ij| with i, j = 1, 2, 3; it implies the WEC, which is often expressed as the
conditions
m,r ≥ 0, 2m,r ≥ rm,rr. (57)
We consider first the WEC in our model and without loss of generality, we focus on the electric solution. Due
to the presence of the lower incomplete gamma function, an explicit expression for the above inequalities is rather
cumbersome and not illuminating. For this reason, we show instead in Fig. 5 the corresponding plots for a solution
with a single horizon and in Fig. 6 the plots for a solution with three horizons. We remark that in these plots, the
two conditions associated to the WEC are satisfied everywhere for the values chosen for the parameters.
(a) (b)
(c) (d)
FIG. 5: Plots of the first and second energy conditions for values of θ = 0.1, 0.2, 0.3 and 0.4 (dashed lines from top to bottom)
with M = 1, Qe = 0.5, A = 0.1 (EEH black hole with one horizon). The plots on the right are a zoom of the interval [0, 0.4]
The electric charged EEH solution is regular at the source. It is a known fact that regular solutions violate the SEC,
meanwhile the WEC may or may not be satisfied. Let us focus on the behaviour near the origin; a straightforward
calculation shows that for r → 0, we have
m,r =
(
AαQ4e + 16π
2θ5/2M − 4√2π3/2θ2Q2e
)
32π5/2θ4
r2 +O(r4),
2m,r − rm,rr =
(
9AαQ4e + 144π
2θ5/2M − 4(4 + 9√2)π3/2θ2Q2e
)
576π5/2θ5
r4 +O(r5) (58)
From these expressions we see then that the non-commutative EEH solution Eq. (40), and also its magnetic counter-
part, does satisfy the WEC in a region near the origin depending on the values of the parameters M,Qe, A and θ; a
rough estimate is when
√
θM ≥ 0.263Q2e. This result is in contrast with the commutative EEH solution where the
WEC is always violated near the origin.
13
(a) (b)
(c) (d)
FIG. 6: Plots of the first and second energy conditions for values of θ = 0.1, 0.2, 0.3 and 0.4 (dashed lines from top to bottom)
with M = 1.02, Qe = 1, A = 0.3 (EEH black hole with three horizons). The plots on the right are a zoom of the interval [0, 0.4]
VI. SHADOW OF THE NON-COMMUTATIVE EINSTEIN-EULER-HEISENBERG BLACK HOLE
As astrophysical objects, black holes provide useful insights in the structure of space-time. We now address the
formation of a shadow for the non-commutative inspired black holes in EH electrodynamics. From the metric we
obtain the Lagrangian
2L = −f(r)t˙2 + f(r)−1r˙2 + r2θ˙2 + r2 sin2 θφ˙2, (59)
where a dot denotes derivative with respect to the affine parameter. This Lagrangian provides the starting point to
the analysis of orbital motion of test particles and its value determines the orbits under study; for massive and null
orbits we have 2L = +1, 0 respectively.
Due to the independence of the metric on the time and azimuthal variable, in general there are two conserved
quantities of motion
pt = −f(r)t˙ = −E,
pφ = r
2 sin2 θφ˙ = L, (60)
related to the energy and angular momentum of the test particle.
In the following we consider the existence of a shadow and therefore restrict ourselves to the case of photon orbits
(L = 0). Solving for t˙ and φ˙ from Eqs. (60) and substituting into the Lagrangian, we obtain the equation
r˙2 + fr2θ˙2 +
L2f − E2r2 sin2 θ
r2 sin2 θ
= 0. (61)
Since we are dealing with spherical symmetric solutions to the field equations, the associated shadow of the non-
commutative EEH black hole will be circularly symmetric. In consequence, we can fix θ = π/2, θ˙ = 0, knowing that
the results are then valid in general. Therefore, we have
r˙2 + L2
f
r2
− E2 = 0, (62)
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and from this expression we identify the effective potential
Veff (r) = L
2 f
r2
− E2. (63)
Circular photon orbits at a radius rph are then determined by the conditions
Veff (rph) = 0,
dVeff
dr
(rph) = 0, (64)
or explicitly
b2 =
r2ph
f(rph)
, rphf,r(rph)− 2f(rph) = 0, (65)
where we have defined the impact parameter b := L/E. In terms of the function m(r), the last equation becomes
rph[m,r(rph) + 1]− 3m(rph) = 0. (66)
Let us briefly recall the situation for the RN black hole. In this case Eq. (66) gives the constraint
− 3M + 2Q
2
rph
+ rph = 0, (67)
with solution
rRN±ph =
3M ±
√
9M2 − 8Q2
2
. (68)
From these values the impact parameter is
(bRN+ )
2 =
(3M +
√
9M2 − 8Q2)4
8(3M2 − 2Q2 +M
√
9M2 − 8Q2)
. (69)
In Fig. 7(a) we show in solid line the left hand side of Eq. (66) for the commutative RN black hole as a especial
case of the non-commutative inspired EH black hole; in this plot we have set M = Q = 1 (extremal case). For the
commutative RN spacetime, there is a circular orbit for photons at rph = 1, at the same location of the extremal
horizon, and also at rph = 2. Using Eq. (69) we obtain b
RN
+ = 4; there is always a shadow. The non-commutative
inspired RN spacetime (A = 0,M = Q = 1) exhibits a different behaviour: there is a threshold value θcrit for the non-
commutative parameter above which the left-hand side of Eq. (66) does not vanish, and hence, the non-commutative
inspired RN black hole does not cast a shadow.
(a) (b)
FIG. 7: Plots of the condition determining the existence of circular radial orbits; solid lines correspond to the commutative
cases with M = Q = 1. Fig. 7(a) shows the case for A = 0 (RN) with θ = 0.1, 0.25, 0.5 and 0.75 (dashed lines from bottom to
top). Fig. 7(b) shows the case for A = 1 (EEH) with θ = 0.1, 0.25, 0.5 and 0.75 (from bottom to top). The values of r where
the condition vanishes correspond to rph. Notice the existence of a critical value θcrit above which there are no circular photon
orbits.
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The situation when A 6= 0 is illustrated in Fig. 7(b) where we have set A = 1 and the solid line corresponds to the
commutative EEH spacetime; the classical impact parameter is bEEH = 4.0061. As in the previous example, there is
a value for the non-commutative parameter above which the black hole does not cast a shadow. We notice also that
when there is a shadow, the non-commutative correction to the value rph seems to be small. Indeed, further analysis
shows that the value of rph for the non-commutative spacetime, either RN or EEH, is less than the commutative one
in both situations; the difference in these values is more visible when the EH electrodynamics is turned on. Regarding
the impact parameter b, we can use Eq. (65) to evaluate it in the non-commutative case. It is seen that we have now
a smaller shadow associated with the non-commutative inspired EH black holes. As mentioned before, the correction
is small: in Fig. 8(a), the impact parameter has the values 4, 3.9995 and 3.9972 for θ = 0, 0.1, 0.12 (from outer to
inner) when A = 0 (RN); in Fig. 8(b), it has the values 4.0061, 4.0055 and 4.0033 for θ = 0, 0.1, 0.12 (from outer to
inner) when A = 1 (EEH).
(a) (b)
FIG. 8: Detail of the shadow of the non-commutative inspired EEH black hole with M = Q = 1. Fig. 8(a) shows the case for
A = 0 (RN) with θ = 0, 0.1, 0.12 (from outer to inner). Fig. 8(b) shows the case for A = 1 (EEH) with θ = 0, 0.1, 0.12 (from
outer to inner). In each case, the radius of the shadow is given by the ratio bnc/bcomm between the non-commutative impact
parameter and the commutative value.
VII. CONCLUSIONS
We have constructed the non-commutative inspired static electric and magnetic charged black holes coupled to Euler-
Heisenberg non-linear electrodynamics. For that purpose, we considered non-commutative smeared distributions that
replace the point-like behaviour of sources.
The non-commutative generalisation of the electrical charged EEH spacetime is quite straightforward using the
modified field equations. The appearance of lower incomplete gamma functions in the metric is a characteristic
feature of these kinds of solutions, providing the mechanism for a non-singular behaviour at the location of the source.
The non-commutative inspired magnetic charged EEH spacetime has the same functional form as the non-commutative
inspired electrical charged EEH spacetime.
The charged non-commutative inspired EEH metrics show several interesting aspects. They exhibit modifications to
the horizon radius that are relevant in connection with the AdS/CFT correspondence and holographic superconduc-
tors [32]. Furthermore, we showed that the weak energy condition is satisfied in a region near the source depending on
the values of the parameters M,Qe, A and θ. We see this last result as a natural consequence of the non-commutative
effects that come into play to regularise singularities in the classical solutions.
We also addressed the formation of shadows for the non-commutative inspired EEH metrics. This feature is not
present if the non-commutative parameter exceeds a critical value, depending on the mass, charge and EH parameter.
When it exists, the non-commutative shadow seems to give small corrections to the classical result; this modification
may be susceptible to observation and it is relevant when probing quantum effects in gravity. In this regard, it would
be interesting to consider more elaborated non-commutative inspir
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Appendix A: Calculation of integrals involving γ
(
3
2
, r
2
4θ
)
We illustrate how to calculate the integral
I :=
∫ r
0
ds
s2
γ2
(
3
2
,
s2
4θ
)
(A1)
appearing in the main text. Using the identity [31] γ(a2 + 1, z
2) = a2γ(
a
2 , z
2)− zae−z2 , we have
γ2
(
3
2
,
s2
4θ
)
=
1
4
γ2
(
1
2
,
s2
4θ
)
− 1
2
√
θ
γ
(
1
2
,
s2
4θ
)
se−s
2/4θ
+
1
4θ
s2e−s
2/2θ, (A2)
and in consequence
I =
1
4
∫ r
0
ds
s2
γ2
(
1
2
,
s2
4θ
)
− 1
2
√
θ
∫ r
0
ds
s
γ
(
1
2
,
s2
4θ
)
e−s
2/4θ
+
1
4θ
∫ r
0
ds e−s
2/2θ. (A3)
The first integral in the right hand side of the above expression can be rewritten using integration by parts and the
identity [31] ddzγ(
a
2 , z
2) = 2za−1e−z
2
; this gives∫ r
0
ds
s2
γ2
(
1
2
,
s2
4θ
)
= −1
s
γ2
(
1
2
,
s2
4θ
) ∣∣∣r
0
+
2√
θ
∫ r
0
ds
s
γ
(
1
2
,
s2
4θ
)
e−s
2/4θ
= −1
r
γ2
(
1
2
,
r2
4θ
)
+
2√
θ
∫ r
0
ds
s
γ
(
1
2
,
s2
4θ
)
e−s
2/4θ. (A4)
Therefore, we obtain
I = − 1
4r
γ2
(
1
2
,
r2
4θ
)
+
1√
32θ
γ
(
1
2
,
r2
2θ
)
. (A5)
Taking the limit r →∞ we have ∫ ∞
0
ds
s2
γ2
(
3
2
,
s2
4θ
)
=
√
π
32θ
. (A6)
This definite integral is used in the calculation of the ADM mass M in Eq. (38).
Let us now consider the integral
J :=
∫ ∞
r
ds
s6
γ4
(
3
2
,
s2
4θ
)
.
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An explicit expression for this integral has not been found. Nevertheless, it can be evaluated in the limit 4θ ≪ r2
using the approximation
γ
(a
2
, x2
)
∼ Γ
(a
2
)
− xa−2e−x2 , (A7)
valid for large values of x [31]. We have then
J ∼
∫ ∞
r
ds
s6
[
Γ4
(
3
2
)
− 4Γ3
(
3
2
)
s
2
√
θ
e−s
2/4θ
]
=
π2
80
1
r5
− π
3/2
4
√
θ
∫ ∞
r
ds
s5
e−s
2/4θ
=
π2
80
1
r5
− π
3/2
4
√
θ
1
2
1
(4θ)2
∫ ∞
r2/4θ
du u−3e−u
=
π2
80
1
r5
− π
3/2
128θ5/2
Γ
(
−2, r
2
4θ
)
. (A8)
For large values of x we use the approximation Γ(a, x) ∼ xa−1e−x; the above expression is written then as
J ∼ π
2
80
1
r5
− π
3/2
128θ5/2
64θ3
r6
e−r
2/4θ
=
π2
80
1
r5
− π
3/2
2
θ1/2
r6
e−r
2/4θ. (A9)
Using this result we see that the non-commutative EH metric has the form
f(z) = 1− 4M
r
√
π
(√
π
2
− r
2
√
θ
e−r
2/4θ
)
+
1
π
Q2e
r2
(
π − 4
√
πθ
r
e−r
2/4θ
)
− Q
2
e√
2π
1
θ
e−r
2/4θ − 4A
π2
Q4e
r
[
π2
80
1
r5
− π
3/2
2
θ1/2
r6
e−r
2/4θ
]
+
A
8π2
Q4e
r
[
1− 2√
π
γ
(
3
2
,
r2
4θ
)]
0.2757
θ5/2
, (A10)
in the limit 4θ ≪ r2.
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